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Abstract 

The object of this paper is to derive some inclusion relation regarding a new class of analytic 
functions using a generalizedRuscheweyhoperator. 
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INTRODUCTION 

 

1. 

In the first section we will recall some definitions and results used for 

the new obtained results. 

Let Hbe the class of analytic functions in the open unit disc of the 

complex plane 

U = {z ∈ℂ : |z| <1} 

and for a∈ℂ and n ∈ N let H[a,n] be the subclass of H consisting of 

functions of the form 

f (z) = a + anzn + an+1zn+1 +... , z∈U. 

LetA(p,n) denote the class of functions f(z) normalized by 

(1.1) f(z) = zp + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=𝑝+𝑛 , (p, n ∈ℕ := {1,2,3,...}) 

which are analytic in the open unit disc.  

In particular, we set 
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A(p,1) := Ap and A(1,1) := A =A1. 

Let 

An = {f∈H (U),f (z) = z + an+1zn+1 + ...} 

with A1:= A. 

Iffand gare analytic functions in U, then we say that functionf is subordinate 

to g or g is said to be superordinate to f, if there exists a function wanalytic 

in U, with w(0)=0 and |w(z)|<1, and such that f(z) = g(w(z)). In such case we 

write f≺g or f(z) ≺g(z). 

If g is univalent, then f≺g if and only if f(0)=g(0) and f(U) ⸦ g(U). 

 

Further, we will recall here a differential operator introduced earlier.  

Let the function f be in the class An. For m, β ∈ N0 = {0, 1, 2, . . .}, 

λ≥ 0, l ≥ 0,  

we will use the following differential operator 

(1.2) Im(λ, β, l)f (z) := z +∑ [
1 + 𝜆(𝑘−1)+𝑙

1+𝑙
]𝑚∞

𝑘=𝑛+1 𝐶(𝛽, 𝑘)𝑎𝑘𝑧𝑘 

 

where 

 C(β, k) := (k+β−1
β

) = 
(β+1)k−1

(k−1)!
 

and 

 (a)n∶= {
1,                                     𝑛 = 0

𝑎(𝑎 +  1) . . . (𝑎 +  𝑛 −  1), 𝑛 ∈  𝑁 −  {0}
 

 

isPochhamer symbol. 

Using simple computation one obtains the next result. 

 
MATERIAL AND METHOD 

 

2.PRELIMINARY RESULTS 

Proposition 1.1Form, β ∈ N0, λ ≥ 0, l ≥ 0 

(2.1) 

            (l + 1)Im+1(λ, β, l)f (z) = (1 − λ + l)Im(λ, β, l)f (z) + λz(Im(λ, β, l)f (z)′ 

and 

(2.2)  

z(Im(λ, β, l)f (z))′ = (1 + β)Im(λ, β + 1, l)f (z) − βIm(λ, β, l)f (z). 

 

Remark 2.1 Special cases of this operator includes the Ruscheweyh 

derivative  operator  I0(1, β, 0)f(z)  ≡  Dβ  defined  in  [7],  the  

Sălăgeanderivative operator Im(1, 0, 0)f(z) ≡ Dm, studied in [8], the 

generalizedSălăgean operator  Im(λ, 0, 0) ≡𝐷𝜆
𝑚introduced by Al-Oboudi in 

[1], thegeneralized Ruscheweyhderivative operator I1(λ, β, 0)f(z) ≡ 

Dλ,βintroduced 
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in [4], the operator Im  (λ, β, 0)  ≡ 𝐷𝜆,𝛽
𝑚 introduced by K. Al-Shaqsiand M. 

Darus in [2], and the operator Im(λ, 0, l)≡ I1(m, λ, l)introduced in [3]. 

 

To prove the main results we will need the following lemma. 

Lemma 2.1(Hallenbeck and Ruscheweyh[5]) Let h be a convex function in 

Uwith h(0) = a and let γ ∈ C∗ with Re γ > 0.  

If p∈H[a, n] and 

p(z) +
1

γ
zp′ (z)≺ h(z) 

then 

p(z) ≺q(z)≺ h(z) 

where 

q(z) = 
𝛾

𝑛𝑧
𝛾
𝑛

∫ ℎ(𝑡)𝑡(𝛾 𝑛)⁄ −1𝑧

0
dt. 

 

The function q is convex and is the best (a, n)-dominant. 

 
3. MAIN RESULTS 

 

Definition 3.1 Let f∈An, n∈ℕ*. We say that the function f is inthe class 

𝑆𝑛
𝑚(λ, l, α, β, η), λ> 0, α∈ℝ, η∈ [0, 1), m∈ℕ, if satisfies the condition 

(3.1)                            

Re[(Im(λ, β, l)𝛹̃ (α, f ; z))′] >η,  z∈U, 

where 

(3.2)    

𝛹̃ (α, f ; z) = zΨ(α, f ; z) 

and 

(3.3) 

Ψ(α, f ; z) = (1 − 𝛼)
𝑧𝑓′(𝑧)

𝑓(𝑧)
 + 𝛼(

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 1). 

 

Theorem 3.1Ifα∈ℝ, η∈ [0, 1), m∈ℕ, then 

(3.4) 

𝑆𝑛
𝑚+1(λ, l, α, β, η) ⸦ 𝑆𝑛

𝑚(λ, l, α, β, δ) 

where 

(3.5) 

δ = δ(λ, l, η, n)= 2η − 1 + 2(1 − η)
𝑙+1

𝑛𝜆
β(

𝑙+1

𝑛𝜆
) 

and 

(3.6) 

β (x)=∫
𝑡𝑥−1

𝑡+1

1

0
𝑑𝑡 
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is the Beta function. 

Proof.Let f ∈𝑆𝑛
𝑚+1(λ, l, α, β, η). By using the properties of the operatorIm(λ, 

β, l) we have 

(l + 1)Im+1(λ, β, l)f (z) = (1 − λ + l)Im(λ, β, l)f (z)+ λz(Im(λ, β, l)f (z))′. 

If we denote by 

(3.7)  

p(z) = (Im(λ, β, l)𝛹̃ (α, f ; z))′ 

where   

p(z) = 1 + pnz
n+ . . . ,p(z) ∈H [1, n], 

thenafter a short computation we get 

(3.8)   

(Im+1(λ, β, l)𝛹 ̃(α, f ; z))′= p(z) + λzp′(z),z ∈U. 

 

Since f ∈𝑆𝑛
𝑚+1(λ, l, α, β, η), from Definition 3.1 we have 

 

Re(Im+1(λ, β, l)𝛹 ̃(α, f ; z))′>η,  z∈U. 

Using (3.8) we get 

Re(p(z) + λzp′(z)) >η 

which is equivalent to 

(3.9) 

p(z) + λzp′(z) ≺
1+(2𝜂−1)𝑧

1+𝑧
 ≡ h(z). 

 

From Lemma 2.1 we have 

p(z) ≺q(z)≺h(z), 

where 

(3.11) 

q(z) = 
𝑙+1

𝑛𝜆𝑧
𝑙+1
𝜆𝑛

∫
1+(2𝜂−1)𝑡

1+𝑡
𝑡

𝑙+1

𝜆𝑛
−1𝑧

0
dt. 

The function q is convex and is the best (1, n)-dominant. 

Since 

(Im(λ, β, l)𝛹̃(α, f ; z))′≺2𝜂 − 1 + 
2(1 − 𝜂)

𝑛𝜆

1

𝑧
𝑙+1
𝜆𝑛

,∫
𝑡

𝑙+1
𝜆𝑛

−1

1+𝑡

𝑧

0
𝑑𝑡, z ∈U, 

it result that 

(3.10) 

Re[(Im(λ, β, l)𝛹̃ (α, f ; z))′] >q(1)= δ 

where 

(3.11) 

δ = δ(λ, l, η, n)= 2η − 1 + 2(1 − η)
𝑙+1

𝑛𝜆
β(

𝑙+1

𝑛𝜆
) 

and 

(3.12) 
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β(
𝑙+1

𝑛𝜆
 )=∫

𝑡
𝑙+1
𝑛𝜆

−1

𝑡+1

1

0
𝑑𝑡. 

 

From (3.10) we deduce that f ∈𝑆𝑛
𝑚(λ, l, α, β, η) and the proof oftheorem is 

complete. □ 

 

Corollary3.1Ifα∈ℝ, η∈ [0, 1), m∈ℕ, then 

(3.13) 

𝑆𝑛
𝑚+1(

𝑙+1

𝑛
, l, α, β, η) ⸦ 𝑆𝑛

𝑚(
𝑙+1

𝑛
, l, α, β, δ) 

where 

(3.14) 

δ = δ( l, η, n)= 2η − 1 + 2(1 − η)𝑙𝑛2. 

 

Corollary3.2Ifα∈ℝ, η∈ [0, 1), m∈ℕ, then 

(3.15) 

𝑆𝑛
𝑚+1(

1

𝑛
, 0, α, β, η) ⸦ 𝑆𝑛

𝑚(
1

𝑛
, 0, α, β, δ) 

where 

(3.16) 

δ = δ( η, n)= 2η − 1 + 2(1 − η)𝑙𝑛2. 
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