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Abstract 
 The undamped free flexural vibrations of rectangular plates are basically boudary value 
problems of the mathematical physics. Since the solution in the case of freely vibrating plates reduces  
to the honogeneous differential equations of motion, the variational method described in the paper 
for the solution of the homogeneousbiharmonic equations can be extended. So, in this paper was 
investigated the solution of differential equation of undamped motion.using yhe shape function of the 
beams simply supported to the limits by the X and Y directions. 
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INTRODUCTION  
 

Initially, in the case of rectangular plate it was considered that is 
sufficient be taken into account only the resonance phenomenon. Later it 
being understood that vibration systems located away from the resonance 
can even modify and alter the structure of the materials. The literature 
(Bârsan G, 1979), (Ille V, et al, 1981), (Szilard R, 1974), (Szilard R. et al, 
1965), reflected that the assessment respectively static and dynamic 
response of flat plate is done taking into account the shape of the median 
surface, boundary conditions, loading mode and solving method adopted. In 
this paper was adopted the Galerkin-Vlasov variational method for solving 
the free vibrations problem. 

 
MATERIAL AND METHOD  
 

We initially adopted the following assumptions for calculating: flat 
plate analyzed is considered as being thin, elastic, isotropic with bending 
stiffness and meets the conditions of validity of Kirchhoff's hypothesis 
(Claassen R, et al, 2000), (Fetea M., 2009), (Hamada, M 1959), 
(Timoshenko P, 1962). 

The proposed calculation method is an adaptation of variational 
method Galerkin-Vlasov (Fetea M., 2009), (Szilard R,1974), (Szilard R et 
al, 1965) for static flat plates and was so elaborate that the calculations 
necessary to determine the characteristics of the plate are made on the basis 
of programs prepared by the author (Fetea M, 2009). Is considered a 
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rectangular plate presented in figure 1, with dimensions a and b simply 
supported in the sides axx  ,0  and simply supported on the 
side 0y , .by   

 
Fig. 1 The median surface of plate  

 
On the median surface is considered in figure 2 a network in which 

nodes are determined the natural vibration shapes function values (Fetea M., 
2009). 

 
Fig. 2 The median surface network 

 
The shape functions of beams for the first three modes of free 

vibrations are presented in figure 3 (Fetea M., 2009). 
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Fig. 3 The shape functions of simply supported beam 

 
The expressions of beams shapes functions of vibration on the X and 

Y directions are (Borş I, 2005): 

a
xxH ii sin)( 

, 
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. 
 The parameter values ,, ii k ,, jj k were determined (Borş I, 2005): 
The expressions of shapes functions (Bârsan G, 1979), (Bârsan G, 1971) 
(Janich R, 1962), (Roşca I, 2002) for the plate are: 

)()(),( yHxHyx jiij   
Sturm-Liouville problem (Borş I, 2005) associated with flat square 

plate is: 
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Where, ij represent the pulsations parameters for i anj modes of free 
vibration by X and Y directions of simply supported plate. Substituting 
equation functions of normal modes through their functions of beams 
products, integrating relationships across the plate and using the method of 
separation of variables is obtain (Filimon, I et al, 1983), (Soare M, 1999), 
(Leissa A, 1969 ): 



 414

),()()()()()()(

)()(2)()((

22

00

2

4

0

0

22

0

2

0

4

yHxHyHyHdxxH
b

dyyHyH

dxxHxH
ba

dyyHdxxH
a

jiijj

b
IV
j

a

i
j

j

b

j

i

a

i
ji

b

j

a
IV
i

i















































 

 
The expression of the pulsations parameters is (Fetea M., 2009): 
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We adopt the notations (Fetea M., 2009), (Szilard R, 1974): 
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By entering the integrals in the parameter expression are obtained 
their values.  
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RESULTS AND DISSCUSIONS  
 

For the simply supported plate having different ratio of sides the 
pulsations parameters values for normal modes of vibration (1,1), (2,1), 
(3,1) is shown in table 1. The values of the natural vibration shapes 
functions are shown in tables 2-4 and their shapes corresponding to the 
normal modes of free vibrations in figures 4-6. 

Table 1 
Pulsations parameters 

Vibrations 
modes 

Mode 
(1,1)  

Mode  
(2,1) 

Mode  
(3,1) 

ij , 1  19.7392 49,34 78,65 

ij , 1 ,5 32,07 61,68 111.03 

ij , 2  49,34 78,95 128,3 

 
Table 2 

Shapes functions for mode (1,1)  

 
Table 3 

Shapes functions for mode (2,1)  
  Vibrations functions                                                                        Mode (2,1)  
 y/x 0 0,4 0,8 1,2 1,6 2 2,4 2,8 3,2 3,6 4 
0 0 0 0 0 0 0 0 0 0 0 0 
0,4 0 0,1816 0,3454 0,4755 0,5590 0,5877 0,5590 0,4755 0,3454 0,1816 -2,7E-08 
0,8 0 0,2938 0,5590 0,7694 0,9045 0,9510 0,9045 0,7694 0,5590 0,2938 -4,4E-08 
1,2 0 0,2938 0,5590 0,7694 0,9045 0,95105 0,9045 0,7694 0,5590 0,2938 -4,4E-08 
1,6 0 0,1816 0,3454 0,4755 0,5590 0,5877 0,5590 0,4755 0,3454 0,1816 -2,7E-08 
2 0 -1,4E-

08 
-2,7E-
08 

-3,8E-
08 

-4,4E-
08 

-4,6E-
08 

-4,4E-
08 

-3,8E-
08 

-2,7E-08 -1,4E-
08 

2,15E-15 

2,4 0 -0,1816 -0,3454 -0,4755 -0,5590 -0,5877 -0,5590 -0,4755 -0,3454 -0,1816 2,73E-08 
2,8 0 -0,2938 -0,5590 -0,7694 -0,9045 -0,9510 -0,9045 -0,7694 -0,5590 -0,2938 4,41E-08 
3,2 0 -0,2938 -0,5590 -0,7694 -0,9045 -0,9510 -0,9045 -0,7694 -0,5590 -0,2938 4,41E-08 
3,6 0 -0,1816 -0,3454 -0,4755 -0,5590 -0,5877 -0,5590 -0,4755 -0,3454 -0,1816 2,73E-08 
4 0 2,87E-

08 
5,46E-
08 

7,51E-
08 

8,83E-
08 

9,28E-
08 

8,83E-
08 

7,51E-
08 

5,46E-08 2,87E-
08 

-4,3E-15 

 

  Vibrations functions          Mode (1,1)  
 y/x 0 0,4 0,8 1,2 1,6 2 2,4 2,8 3,2 3,6 4 
0 0 0 0 0 0 0 0 0 0 0 0 
0,4 0 0,0954 0,1814 0,25 0,2938 0,3090 0,25 0,1816 0,0954 -1,4E-08 
0,8 0 0,1816 0,3454 0,4755 0,5590 0,5877 0,5590 0,4755 0,3454 0,1816 -2,7E-08 
1,2 0 0,25 0,4755 0,6545 0,7694 0,8090 0,7694 0,6545 0,4755 0,25 -3,8E-08 
1,6 0 0,2938 0,5590 0,7694 0,9045 0,9510 0,9045 0,7694  0,55900,2938 -4,4E-08 
2 0 0,3090 0,5877 0,8090 0,9510 1 0,9510 0,8090 0,587785 0,3090 -4,6E-08 
2,4 0 0,2938 0,5590 0,7694 0,9045 0,9510 0,9045 0,7694 0,559017 0,2938 -4,4E-08 
2,8 0 0,25 0,4755 0,6545 0,7694 0,8090 0,7694 0,6545 0,475528 0,25 -3,8E-08 
3,2 0 0,1816 0,3454 0,4755 0,5590 0,5877 0,5590 0,4755 0,345491 0,1816 -2,7E-08 
3,6 0 0,0955 0,1816 0,25 0,2938 0,3090 0,2938 0,25 0,181636 0,0954 -1,4E-08 
4 0 -1,4E-

08 
-2,7E-
08 

-3,8E-
08 

-4,4E-
08 

-4,6E-
08 

-4,4E-
08 

-3,8E-
08 

-2,7E-08 -1,4E-
08 

2,15E-15 
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Table 4 
Shapes functions for mode (2,1)  
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Fig. 4 The Image of shape corresponding to mode (1,1) 
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Fig. 5 The Image of shape corresponding to mode (2,1) 

  Vibrations functions          Mode (3,1)  
y/x 0 0,4 0,8 1,2 1,6 2 2,4 2,8 3,2 3,6 4 
0 0 0 0 0 0 0 0 0 0 0 0 
0,4 0 0,25 0,4755 0,65450 0,7694 0,8090 0,7694 0,6545 0,4755 0,25 -3,8E-08 
0,8 0 0,2938 0,5590 0,7694 0,9045 0,9510 0,9045 0,7694 0,5590 0,2938 -4,4E-08 
1,2 0 0,0954 0,1816 0,25 0,2938 0,3090 0,2938 0,25 0,1816 0,0954 -1,4E-08 
1,6 0 -0,1816 -0,3454 -0,4755 -0,559 -0,5877 -0,5590 -0,4755 -0,3454 -0,1816 2,73E-08 
2 0 -0,3090 -0,5877 -0,8090 -0,9510 -1 -0,9510 -0,8090 -0,5877 -0,3090 4,64E-08 
2,4 0 -0,1816 -0,3454 -0,4755 -0,5590 -0,5877 -0,5590 -0,4755 -0,3454 -0,1816 2,73E-08 
2,8 0 0,0954 0,1816 0,25 0,2938 0,3090 0,2938 0,25 0,1816 0,0954 -1,4E-08 
3,2 0 0,2938 0,5590 0,7694 0,9045 0,9510 0,9045 0,76942 0,5590 0,2938 -4,4E-08 
3,6 0 0,25 0,4755 0,6545 0,7694 0,8090 0,769 0,6545 0,4755 0,25 -3,8E-08 
4 0 -4,3E-

08 
-8,2E-
08 

-1,1E-
07 

-1,3E-
07 

-1,4E-
07 

-1,3E-
07 

-1,1E-
07 

-8,2E-08 -4,3E-
08 

6,46E-15 
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Fig. 6 The Image of shape corresponding to mode (3,1) 

 
CONCLUSIONS 
 

In the case of Galerkin-Vlasov variational method adapted by the 
author  are highlighted as follows (Fetea M., 2009): 

- The election of displacement function approximation as a linear 
combination between the natural vibration shapes products functions of the 
beams on both directions and time function which indicates that plate 
motion after a normal harmonic vibration which is a motion that is produce 
a specific pulsation; 

-  Calculation algorithm, which characterizes the method; 
-  Pulsations parameters considered for normal modes of vibration; 
-  The shapes funcions for three normal modes of vibration. 
In table 5 is presents the parameter values pulsations for the square 

plate and the percentage deviations of the values obtained by the proposed 
method to those determined by other authors. 

As a conclusion of this study the Galerkin -Vlasov method uses linear 
combination of the eigenfunctions of lateral beams vibrations, which are 
able to satisfy most boundary conditions. 

Table 5 
Parameters pulsations for the square plate 

Parametrii 
pulsaţiilor 11  21  31  

The proposed method 19.7392 49,34 
 

78,65 

Polidor Bratu [74] 
Levy Method 

19,74 
0,06 % 

49,4 
 0,13 % 

79,05 
0,51 % 

Szilard[82]  
Rayleigh Method 

19,722 
0,08 % 

50,6 
  2,5 % 

- 

Szilard[82]  
Finite elements 

method 

19,73 
0 % 

49,34 
0 % 

78,95 
0,31 % 

Bârsan [4] 19,739 
0 % 

49,350 
0,03 % 

78,973 
0,41 % 
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