
  173

Annals of the University of Oradea, Fascicle:  Environmental Protection                               Vol. XXIX, 2017 

Analele Universităţii din Oradea, Fascicula:  Protecţia Mediului                                              Vol. XXIX, 2017  

 

FREE VIBRATIONS STUDY OF WOODEN RECTANGULAR  

PLATE HAVING A FREE EDGE 
 

Fetea Marius Serban* 

 

*Technical University of Cluj-Napoca, Faculty of Building Services, B-dul 21 Decembrie 1989,  

no. 128-130, Cluj-Napoca, Romania, e-mail: marius.fetea@yahoo.com 

 
Abstract 

Initially, in the case of rectangular plate it was considered that is sufficient be taken into 

account only the resonance phenomenon. Later it being understood that vibration systems located 

away from the resonance can even modify and alter the structure of the materials. The literature 

reflected that the assessment respectively static dynamic response of flat plate is done taking into 

account the shape of the median surface, boundary conditions, loading mode and solving method 

adopted. 
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INTRODUCTION 

 

The problem of dynamic plate calculation is formulated taking into 

account Kirchhoff's simplifying assumptions. As is known, free undamped 

vibrations of rectangular flat plates is a problem of eigenvalues. Calculation 

of rectangular thin plate to solve the problem of free and forced vibration is 

reflected in the literature with contributions by several authors such as: 

(Warburton, 1954) which presented a set of solutions for the six cases of 

rectangular plates, (Janich, 1962) give a complete set of solutions for 18 of 

the 21 possible combinations of boundary conditions, (Iguchi, 1938), 

(Fletcher, 1959) whose concerns were directed to solve free vibration using 

semianalytic methods, respectively (Hamada, 1959) which has studied the 

plates by variational methods. Calculation programs for eigenfunctions, 

shapes plate, was designed by the author in Excel, and for frequency 

parameters in Matlab. 
 

MATERIAL AND METHOD  

 

Research on the present paper were performed in the installations for 

constructions research laboratories of the Technical University of Cluj-

Napoca, Faculty of Building Services. The research and the determination 

of results was done between April 2017 - July 2017. The results of the 

studies and analyzes carried out falls into the fundamental theoretical 

research. Study methods applied are analytical calculation methods. The 

study conducted by the author can be framed in the fundamental theoretical 

studies. It is known that most of the complications that appear in flat plates 
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solving are related to the existence of free sides (Posea, 1976; Fetea, 2009). 

These difficulties are reflected by the impossibility of finding functions to 

describe the stress in the plate having rigorous static conditions on free side 

(Barsan, 1971; Young, 1950). Scope of this paper is represented by the 

study of free vibration for rectangular plate clamped on two opposite sides 

and simply supported and free on the other two (SS-F-C-C). Leissa, Szilard, 

Fletcher, Timoshenko, were among the most important contributors to 

solving these types of rectangular plates. Flat plate analyzed is considered as 

being thin, elastic, isotropic with bending stiffness and meets the conditions 

of validity of Kirchhoff's hypothesis (Bors, 2005; Young, 1950). Is 

considered a rectangular plate presented in Fig. 1, with dimensions a  

andb clamped in the sides axx == ,0 , simply supported on the side 0=y  

and free on the side .by = . The wooden plate is presented in Fig. 1. 

 
Fig. 1. Median surface of wooden plate 

 

For the application of the variational method is considered on the 

surface of the plate a network consisting in 10 lines parallel to the axes OX 

and OY for determining in the nodes of the network the eigenfunctions 

values.The median surface with the network designed in which nodes are 

determined the natural eigenfunctions  values is presented in Fig. 2 (Fetea, 

2009). 

 
Fig. 2. Median surface network 
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In order to solve the problem of the own free vibrations of the plate by 

applying the variational method considered, the author went through the 

following steps: 

1. The author present the eigenfunctios expression of beam.To 

determine the eigenvalues pulse parameters are used the expressions of 

beams shapes functions of vibration on the X and Y directions are (Leissa, 

1969): 
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The parameter values ,, ii kβ ,, jj kβ were determined in (Fetea, 2009). 

The expressions of shapes functions (Fetea, 2009; Leissa, 1969) for the 

rectangular plate is represented like the product of beams eigenfunctions: 

                                    
)()(),( yFxGyx jiij ⋅=Φ

                                       
(2) 

2. In the second stage of work the author presents the problem of 

eigenvalues of Sturm - Liouville. The problem of own values associated 

with this plate, can be written in the form: 
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                                   (3) 

3. The third step in solving the rectangular plate consists in replacing 

the eigenfunctions of plate given by the product of beam eigenfunctions in 

the expression (2) and integrating on the whole field of the plate by 

applying the method of separating the variables. 

4. In the fourth stage of plate solving, the author determined the 

expressions of pulse parameters for the first 3 normal modes of vibration.  

5. Using a numerical computation program, the author determined the 

values of the plate eigenfunctions of his own vibrational forms of the slab in 

the nodes network considered in Fig. 2. 

6. In the last step using the calculated numerical program, the author 

presents the deformed shapes of the plate for the first three normal modes of 

vibration. 
 

RESULTS AND DISSCUSION 

 

Starting from the equation: 
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taking into account the functions of the beams the author adopt the 

notations: 

IV

iiii

a

i

a

x

a

x
k

a

x

a

x

a
I )]sin(sinh)cos[(cosh 1

0

4

1 ββββ
β

−−−







= ∫  

dx
a

x

a

x
k

a

x

a

x
iiiii 
















−−








−⋅ ββββ sinsinhcoscosh

dx
a

x

a

x
k

a

x

a

x
dxxGI

b a

iiiiii

2

0 0

2

2 sinsinhcoscosh)(∫ ∫ 















−−








−⋅== ββββ

dy
b

y

b

y
k

b

y

b

y
dyyFI

b b

jjjjjj

2

0 0

2

3 sinsinhsinsinh)(∫ ∫ 















−−








+== ββββ , 

∫ =⋅
″









=

a

ii

i dxxGxG
a

I
0

2

4 )()(
β

⋅

″

















−−








−








∫
a

iiiii

i

a

x

a

x
k

a

x

a

x

a
0

2

sinsinhcoscosh ββββ
β

 

dx
a

x

a

x
k

a

x

a

x
iiiii 
















−−








−⋅ ββββ sinsinhcoscosh , 

⋅

″

















−−








+








= ∫

b

jjjjj

j

b

y

b

y
k

a

x

b

y

b
I

0

2

5 sinsinhsinsinh ββββ
β

dy
b

y

b

y
k

a

x

b

y
jjjjj 
















−−








+⋅ ββββ sinsinhsinsinh , 

∫ ⋅















−−








+








=

b IV

jjjjj

j

b

y

b

y
k

a

x

b

y

b
I

0

4

6 sinsinhsinsinh ββββ
β

⋅















−−








+⋅ dy

b

y

b

y
k

a

x

b

y
jjjjj ββββ sinsinhsinsinh  

Integral values determined for  )(xGi , )(yF j , are known and are 

presented in. For the square plate corresponding to the normal modes of 

vibration (1,1), (2,1), (3,1) is obtained pulsation parameter values, shown in 

Table 1. 
Table 1 

Pulsations parameters of plate 

Modes (1,1) (2,1) (3,1) 

ijλ  
22,37 61,6 102,9 
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The values of the natural vibration shapes eigenfunctions are shown in 

Tables 2-4. 
Table 2 

Shapes functions for mode (1,1) 

 
 

Table 3 

Shapes functions for mode (2,1) 

 
 

Table 4 

Shapes functions for mode (3,1) 

 
 

The deformed forms corresponding to the considered normal modes of 

vibration are shown in Fig. 3-5. 
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Fig. 3. Image of shape corresponding to mode (1,1) 

 

0

0
.3

0
.6

0
.9

1
.2

1
.5

1
.8

2
.1

2
.4

2
.7 3

3
.3

3
.6

3
.9

0

0.9

1.8

2.7

3.6

-6

-4

-2

0

2

4

2-4

0-2

-2-0

-4--2

-6--4

 
Fig. 4. Image of shape corresponding to mode (2,1) 
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Fig. 5. Image of shape corresponding to mode (3,1) 
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CONCLUSIONS 

 

Solution of such problems by the classical methods is very difficult to 

find, or often impossible. The Vlasov’s method used by the author in this 

paper, uses linear combinations of the eigenfunctions of lateral beams 

vibrations, which are able to satisfy most boundary conditions. In the case 

of Galerkin-Vlasov variational method adapted by the author are 

highlighted as follows: 

- The election of displacement function approximation as a linear 

combination between the natural vibration shapes products functions of the 

beams on both directions and time function which indicates that plate 

motion after a normal harmonic vibration which is a motion that is produce 

a specific pulsation; 

- Calculation algorithm, which characterizes the method; 

- Pulsations parameters considered for normal modes of vibration; 

- The shapes funcions for three normal modes of vibration. 

In the literatureare are not published results regarding normal modes 

of vibration of this type of plate, the only references that can be considered 

are those presented by Barsan, Fletcher and Leissa, which states that for the 

case of antisymmetric-antisymmetric vibrational mode (2.1), the parameter 

values are close to those determined for the case of plate clamped on two 

opposite sides and free on the other two. Also, an approximate value of their 

fundamental parameter for the square plate is given by Janich . Using the 

Rayleigh method, (Janich, 1962) considered shapes  functions of beams 

vibrations as given by simple trigonometric functions. By applying the 

Rayleigh method, Janich obtained for the fundamental pulse parameter the 

value [12] 64,2411 =λ . Considering the approximate percentage deviation 

of the parameter values determined by the method proposed, the 

fundamental parameter, compared to parameter value determined by Janich 

[12], is 9.22%. The paper proposed by the author is intended to be an 

attempt to validate the Vlasov-Galerkin variational method for flat plate 

considered. The paper includes not only information from the Romanian 

and international literature of teachers and researchers dynamics schools, 

but also the values determined by the author on the characteristic dynamic 

determined. For the first 2 normal vibration modes, Barsan obtained: 

757,1211 =λ , 212,6321 =λ . 

and Fletcher obtained using other methods the following values for the 

pulsation parameters: 69,1211 =λ , 01,6321 =λ . 
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